The number of nonisomorphic n-fold branched coverings over a given surface with a boundary is determined by the number of nonisomorphic n-fold graph coverings over a suitable bouquet of circles. A similar enumeration can be done for regular branched coverings. Some explicit formulae for enumerations are also obtained.
Introduction
Throughout this paper, a (closed) surface means a compact connected 2-manifold without a boundary and a compact surface with a boundary will be called a bordered surface. Let us review briefly some known concepts from algebraic topology (cf. [15] ).
A continuous mapping ρ : T → S from a surface T onto another S is called a branched covering of multiplicity n if there exists a finite subset B of points in S such that the restriction of ρ on T − ρ −1 (B), ρ| T −ρ −1 (B) : T − ρ −1 (B) → S − B, is an n-fold (nsheeted) covering projection in the usual sense. The smallest subset B of T which has this property is called the branch set of ρ. A branched covering ρ : T → S is regular if there exists a (finite) group A which acts on T with at most finitely many fixed points so that the surface S is homeomorphic to the quotient space T /A, say by θ , and the quotient map T → T /A is the composition θ • ρ of ρ and θ . We call it simply a branched Acovering. In this case, the group A becomes the covering transformation group of the branched covering ρ : T → S. Two branched coverings ρ : T → S and ρ : T → S are isomorphic (or equivalent) if there exists a homeomorphism η : T → T such that ρ = ρ • η.
Let ρ : T → S be a regular or irregular branched covering of multiplicity n with branch set B = {b 1 Let S and σ be as above and let g be the genus of the surface S. Then, the classical Hurwitz enumeration problem can be stated in the following way.
Hurwitz enumeration problem.
Determine the number of nonisomorphic coverings of multiplicity n of a surface S of genus g with a given ramification type σ .
In such a generality, applied both to orientable and nonorientable surfaces, the Hurwitz problem is still open. Hurwitz [4, 5] constructed a generating function for the number of nonequivalent coverings over the sphere having only simple branch points except one specified point and proved that the number of such coverings can be expressed in terms of irreducible characters of the symmetric group. Röhrl [23] obtained upper and lower estimates for the number of nonequivalent coverings with a given ramification type. Some partial solutions of the problem were obtained in [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and [22] . In particular, the number of coverings with a given branch set without restriction on the ramification type were obtained in [11] . The orientable case of the Hurwitz enumeration problem was, in principle, solved completely [19] . The solution is given in terms of irreducible characters of the symmetric group which makes it very complicated. It was known for just a few cases [9, 12, 20, 21] when it is possible to avoid characters of symmetric groups for calculating the number of coverings. A similar work for the nonorientable case with unramified coverings was done in [22] . For other useful information concerning branched coverings over closed surfaces we refer also to the survey [12] and the paper [13] .
In this paper, we enumerate the set of nonisomorphic branched coverings (regular or not) over any given bordered surface with a branch set B. The corresponding problem on a closed surface (orientable or not) has been recently solved by Kwak et al. [11] . In our consideration we suppose the branch set B to be prescribed and no restrictions on the ramification type of the covering are given.
A classification of branched coverings over bordered surfaces
By the classification theorem of closed surfaces, a closed surface S is homeomorphic to one of the following:
the orientable (closed) surface with k handles if k ≥ 0, the nonorientable (closed) surface with − k crosscaps if k < 0.
For example, the orientable surfaces S 0 and S 1 are the sphere and the torus, respectively, and the nonorientable surfaces S −1 and S −2 are the projective plane and the Klein bottle, respectively. The number of handles for an orientable surface or the number of crosscaps for a nonorientable surface is called the genus of the surface.
Let D = D r denote the family of nonhomeomorphic bordered (orientable or nonorientable) surfaces of Euler characteristic χ = 1 − r, r ≥ 0. The simplest one D 0 consists of S 0 with 1 hole, i.e., a 2-disc. The family D 1 consists of S 0 with 2 holes and S −1 with 1 hole; and D 2 consists of S 0 with 3 holes, S −1 with 2 holes and S −2 with 1 hole. Also, note that S is a bordered surface of Euler characteristic χ = 1 − r if and only if the fundamental group π 1 (S) is the free group F r of rank r .
For a notational convenience, D r also stands for a surface in that family, that is, an orientable surface S k with h = 1+r −2k holes as boundary components or a nonorientable surface S k with h = 1 +r + k holes as boundary components. A regular branched covering with the covering transformation group A is simply called a branched A-covering in this paper.
The following lemma is trivial.
Lemma 1. Let two coverings over a closed surface S k be given, from which, by cutting off h disjoint disks from S k and their fibres, one constructs two coverings over a bordered surface D r = S k − {h holes}. Then, two coverings over the closed surface S k are isomorphic if and only if two coverings over the bordered surface D r are isomorphic.
A closed surface S k (without boundary) can be represented by a 4k-gon with identification data Let D r = S k − {h holes} be a bordered surface, and let B be a finite set of points in the interior Int(D r ). Note that the fundamental group π 1 (D r − B, * ) of the punctured surface D r − B with the base point * ∈ D r − B can be presented as follows:
where h = 1+r −2k if k ≥ 0, and h = 1+r +k if k ≤ 0. For each t = 1, 2, . . . , |B|+h, we take a simple closed curve based at * lying in the face of the surface D r = S k − {h holes} so that it represents the homotopy class of the generators c t and d . For convenience, let Let G be a finite connected graph with vertex set V (G) and edge set E(G). We allow loops and multiple edges. Notice that G can be identified with a one-dimensional CW complex in the Euclidean 3-space R 3 so that every graph map is continuous. Every covering over a graph G can be constructed as follows (see [1] ). Every edge of G gives rise to a pair of oppositely directed edges. By e −1 = vu, we mean the reverse edge to a directed edge e = uv. We denote the set of directed edges of G by D(G). Each directed edge e has an initial vertex i e and a terminal vertex t e . Following [1] , a permutation voltage assignment φ on a graph G is a map φ : D(G) → S n with the property that φ(e −1 ) = φ(e) −1 for each e ∈ D(G), where S n is the symmetric group on n elements {1, . . . , n}. The permutation derived graph G φ is defined as follows:
. . , n}, and for each edge e ∈ D(G) and j ∈ {1, . . . , n} let there be an edge 
In the (ordinary) derived graph G× φ A, a vertex (u, g) is denoted by u g , and an edge (e, g) by e g . The first coordinate projection p : G × φ A → G, called the natural projection, commutes with the left multiplication action of the φ(e) and the right action of A on the fibers, which is free and transitive, so that p is a regular |A|-fold covering, called simply an A-covering. Gross and Tucker [1] showed that every covering (resp. regular covering) over a graph G can be derived from a permutation (resp. ordinary) voltage assignment φ.
Let . . . , σ ∂ k +|B|+h ) which satisfy the following three conditions: (C1) The subgroup σ 1 , . . . , σ ∂ k +|B|+h generated by {σ 1 , . . . , σ ∂ k +|B|+h } is transitive on {1, 2, . . . , n} (resp. is the full group A), and
Here, a (∂ k +|B|+h)-tuple (σ 1 , . . . , σ ∂ k +|B|+h ) of permutations in S n (resp. of elements in A) can be identified with a permutation (resp. ordinary) voltage assignment of the bouquet of circles B ∂ k +|B|+h . Also, such a voltage assignment ϕ derives a graph covering over the B ∂ k +|B|+h , and this covering projection with the embedding B ∂ k +|B|+h → S k extends to a branched surface covering over the surface S k , sayp ϕ : S ϕ → S (see [1] or [9] ). In this case, the condition (C1) guarantees that the covering surface S ϕ is connected, and the conditions (C2) and (C3) guarantee that the set B is the same as the branch set of the branched coveringp ϕ : S ϕ → S. By using a similar method as in [9] with Lemma 1, one can obtain the following variant of the Hurwitz existence and classification of branched coverings theorem for bordered surfaces. Recall that ∂ k + |B| + h = r + |B| + 1. 
Computational formulae; a regular case
In this section, we aim to enumerate nonisomorphic regular branched coverings over a bordered surface D r . But, it is sufficient to do it for connected branched A-coverings over the bordered surface D r with a given branch set B, where A is a finite group, because of the regularity of the coverings. To do this, we define an Aut(A)-action on C 1 (B r+|B|+1 → D r − B; A) as follows: For any α ∈ Aut(A) and any C 1 (B r+|B|+1 → D r − B; A) and a set G(A, r ) formed by r -tuples (σ 1 , . . . , σ r ) of elements in the group A, generating the full group A. Indeed, since D r is a bordered surface the number of its holes h ≥ 1. This means that the element σ r+1 = σ a k +h in (C2) can be uniquely expressed through elements σ 1 , . . . , σ r and (C1) is equivalent to the condition that the group A is generated by σ 1 , . . . , σ r . Note that (C3) is redundant in the case B = ∅.
In turn, the set G(A, r ) can be identified with the set Epi(F r ; A) of epimorphisms of the free group F r onto the group A. Hence, the Lemma 2 gives the following.
Corollary 1. The number of nonisomorphic connected A-coverings over the bouquet B r is equal to
In this section, we introduce a general formula to enumerate A-coverings over a surface D r for any finite group A in terms of the Möbius function defined on the subgroup lattice of A by Hall [2] . Jones [6, 7] used the Möbius function to find a method for counting normal subgroups of a surface group or a crystallographic group, and applied it to count regular coverings over a surface. Denote by Hom(F r ; A) the set of homomorphisms of the free group F r into the group A. The set Hom(F r ; A) can be naturally identified with the set A r of r -tuples of elements of the group A. Hence |Hom(F r , A)| = |A| r . Also, we have
where the sum is taken over all subgroups K of the group A. Now, one can invert the obtained equation to count epimorphisms in terms of homomorphisms, by introducing the Möbius function for A. This assigns an integer µ(K ) to each subgroup K of A by the recursive formula
The equation
is then easily deduced. Lemma 2 gives
As a result, we obtain 
When the group A is Abelian or any dihedral group D n of order 2n, the number Isoc(B r ; A) was explicitly computed in [8] by Burnside's lemma without using the Möbius function µ.
The proof of the following theorem is based on the principle of inclusion and exclusion, and is similar to the proof of Theorem 2 in [11] with Lemma 2. The corresponding enumeration of nonisomorphic connected branched (regular) coverings over a closed surface was formulated in terms of the nonisomorphic unbranched (regular) ones and some nonisomorphic (regular) graph coverings over a suitable bouquet of circles in Theorem 2 in [11] . However, in our bordered case, the former terms have disappeared as shown in Theorem 3 and its difference comes from a fact that the fundamental group of a bordered surface is free. 
where µ(H ) is the Möbius function for the group A, and the sum is taken over all subgroups H of the group A.
Proof. By Corollary 2 and Theorem 3, we get
As an immediate consequence of Corollary 3, we obtain the number of nonisomorphic connected branched A-coverings for the cyclic group A = Z n and the dihedral group A = D n of order 2n. We note that the cyclic group A = Z n has a unique subgroup H = Z m for each m dividing n, and has no other subgroups. We have µ(H) = µ(n/m) (µ is the Möbius function) and |Aut(A)| = φ(n) (φ is Euler's totient function). 
